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a b s t r a c t
The main aim of this work is to define and exemplify various stability concepts and to em-
phasize connections between them. These stability concepts are included in a general con-
cept, the so-called (h, k)-stability. We motivate our approach with illustrative examples.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
The most common classes of stability concepts used in the theory of ordinary differential equations are those of uniform
and nonuniform exponential stability. A natural generalization of these properties is the concept of (h, k)-stability defined
by Pinto in [1]. This concept was introduced with the intention of obtaining results concerning stability for a weakly stable
system (at least, weaker than those given by exponential stability).
In the last few years, several results concerning (h, k)-stability were obtained by Fenner, Pinto and Naulin in [2–4]. The
concepts of h-stability and (h, k)-dichotomy for evolution operators in Banach spaces were emphasized by Megan in [5,6].
The properties of nonuniform exponential stability and polynomial stability given by Barreira and Valls in [7,8] are
particular cases of the general concept of (h, k)-stability considered in this work.
There are natural aims: firstly to generalize the known results for exponential stability to the general case of (h, k)-
stability and secondly to establish the relationships among the particular cases of (h, k)-stability. This is the main goal of
this work. The results obtained clarify the difference between uniform stabilities and nonuniform stabilities.
In the next section we recall some definitions and notation which we will use in what follows.
The third section is dedicated to three concepts of exponential stability: uniform exponential stability, nonuniform
exponential stability and exponential stability in the sense of Barreira and Valls. Some illustrative examples clarify the
relations between the exponential stability concepts considered in this section.
In the final sectionwe consider three concepts of polynomial stability: uniform polynomial stability, polynomial stability
in the sense of Barreira and Valls and nonuniform polynomial stability. We also present relations between exponential and
polynomial stability concepts (implications and counterexamples).
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2. (h, k)-stability
Let us consider a Banach space X and B(X), the space of all bounded linear operators from X into itself.
Let T be the set defined by
T = {(t, s) ∈ R2 : t ≥ s ≥ 0}.
Definition 2.1. A mappingΦ : T → B(X) is called an evolution operator on X iff the following relations hold:
(e1) Φ (t, t) = I (the identity operator on X) for every t ≥ 0;
(e2) Φ (t, s)Φ (s, t0) = Φ (t, t0) for all (t, s) and (s, t0) ∈ T .
Furthermore, if
(e3) there areM > 1 and ω > 0 such that
‖Φ(t, s)x‖ ≤ Meω(t−s) ‖x‖
for all (t, s) ∈ T and all x ∈ X , thenΦ is called the evolution operator with uniform exponential growth.
If h, k : R+ = [0,∞)→ [1,∞) then we introduce the concept of (h, k)-stability as follows:
Definition 2.2. The evolution operatorΦ : T → B(X) is said to be (h, k)-stable (and we denote this by (h, k)-s) iff there are
N ≥ 1 and t0 > 0 such that
h(t) ‖Φ(t, s)x‖ ≤ Nk(s) ‖x‖ (1)
for all (t, s, x) ∈ T × X with s ≥ t0.
In the next section some particular cases of (h, k)-stability are considered. Some illustrating examples clarify the
connections between these stability concepts.
3. Exponential stability
LetΦ : T → B(X) be an evolution operator on Banach space X .
Definition 3.1. The evolution operatorΦ is called:
(i) uniformly exponentially stable (and denoted as u.e.s.) iff there are N ≥ 1, α > 0 and t0 > 0 such that
‖Φ(t, s)x‖ ≤ Ne−α(t−s)‖x‖ (2)
for all (t, s, x) ∈ T × X with s ≥ t0;
(ii) exponentially stable in the sense of Barreira and Valls (and denoted as B.V.e.s.) iff there are N ≥ 1, α > 0, β ≥ 0 and
t0 > 0 such that
eαt ‖Φ(t, s)x‖ ≤ Neβs‖x‖ (3)
for all (t, s, x) ∈ T × X with s ≥ t0;
(iii) (nonuniformly) exponentially stable (and denoted as e.s.) iff there are N ≥ 1, α > 0, t0 > 0 and a nondecreasing
function k : R+ → [1,∞) such that
eαt ‖Φ(t, s)x‖ ≤ Nk(s)‖x‖ (4)
for all (t, s, x) ∈ T × X with s ≥ t0.
Let E be the set of all functions f : R+ → [1,∞)with the property that there is an α > 0 such that f (t) = eαt for every
t ≥ 0.
Remark 3.1. We have that:
(i) Φ is u.e.s. iff there is h ∈ E such thatΦ is (h, h)-stable;
(ii) Φ is B.V.e.s. iff there are h, k ∈ E such thatΦ is (h, k)-stable;
(iii) Φ is e.s. iff there are h ∈ E and a nondecreasing function k : R+ → [1,∞) such thatΦ is (h, k)-stable.
Remark 3.2. It is obvious that
u.e.s.⇒ B.V.e.s.⇒ e.s.
The following two examples show that the converse implications between this stability concepts are not valid.
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Example 3.1. Let u : R+ = [0,∞)→ (0,+∞) be the function defined by
u(t) = exp(3t − t cos t).
ThenΦ : T → B(R),Φu(t, s)x = u(s)u(t)x is an evolution operator on X = Rwith
|Φu(t, s)x| = |x| exp(3s− s cos s− 3t + t cos t) ≤ |x| exp(4s− 2t)
for all (t, s, x) ∈ T × X . This shows thatΦu is B.V.e.s.
If we suppose thatΦu is u.e.s. then there exist N ≥ 1 and α > 0 such that
exp(3s− s cos s− 3t + t cos t) ≤ N expα(s− t)
for all t ≥ s ≥ 0. For t = 2nπ and s = 2nπ − π2 we obtain a contradiction.
Example 3.2. Let v : R+ = [0,∞) → [1,∞) be a continuous function with v(t) = en·2n and v

n+ 1
22n

= 1 for all
n ∈ N∗.
Then the evolution operator (on R) defined byΦv(t, s) = v(s)esv(t)et satisfies the inequality
|Φv(t, s)x| = v(s)
v(t)
e−(t−s) |x| ≤ v(s)e−(t−s) |x|
for all (t, s, x) ∈ T × X with s ≥ 1 and henceΦv is e.s.
If we suppose thatΦv is B.V.e.s. then there are N ≥ 1, β ≥ α > 0 and t0 > 0 such that
es+αtv(s) ≤ Nv(t)et+βs
for all t ≥ s ≥ t0 > 0. Then for s = n and t = n+ 122n we obtain a contradiction.
4. Polynomial stability
Definition 4.1. The evolution operatorΦ : T → B(X) is called:
(i) uniformly polynomially stable (and denoted as u.p.s.) iff there are N ≥ 1, α > 0 and t0 ≥ 1 such that
‖Φ(t, s)x‖ ≤ Nt−αsα‖x‖ (5)
for all (t, s, x) ∈ T × X with s ≥ t0 ≥ 1;
(ii) polynomially stable in the sense of Barreira and Valls (and denoted as B.V.p.s.) iff there are N ≥ 1, β ≥ 0, α > 0 and
t0 ≥ 1 such that
‖Φ(t, s)x‖ ≤ Nt−αsβ‖x‖ (6)
for all t ≥ s ≥ t0 ≥ 1 and all x ∈ X;
(iii) (nonuniformly) polynomially stable (and denoted as p.s.) iff there are N ≥ 1, t0 ≥ 1 and a nondecreasing function
k : R+ → [1,∞) such that
‖Φ(t, s)x‖ ≤ Nk(s)t−α‖x‖ (7)
for all (t, s, x) ∈ T × X with s ≥ t0 ≥ 1.
Let P be the set of all functions f : R+ → [1,∞) with the property that there is α > 0 such that f (t) = tα for every
t ≥ 0.
Remark 4.1. The preceding definition shows that:
(i) Φ is u.p.s. iff there is h ∈ P such thatΦ is (h, h)-stable;
(ii) Φ is B.V.p.s. iff there are h, k ∈ P such thatΦ is (h, k)-stable;
(iii) Φ is p.s. iff there exist h ∈ P and a nondecreasing function k : R+ → [1,∞) such thatΦ is (h, k)-stable.
Remark 4.2. It is obvious that
u.p.s.⇒ B.V.p.s.⇒ p.s.
The following example shows an evolution operator that is B.V.p.s. which is not u.p.s.
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Example 4.1. Let u : [0,∞)→ (0,∞) be the function defined by
u(t) = (t + 1)3−sin ln(t+1).
ThenΦ : T → B(R),Φu(t, s)x = u(s)u(t)x is an evolution operator on X = Rwith
|Φu(t, s)x| ≤ (s+ 1)
4
(t + 1)2 |x| ≤
s(s+ 1)2
t
|x| ≤ 4s3t−1 |x|
for all (t, s, x) ∈ T × X with s ≥ t0 = 1 and henceΦu is B.V.p.s.
If we suppose thatΦu is u.p.s. then there exist N ≥ 1, α > 0, β > 0 and t0 > 1 such that
(s+ 1)3(t + 1)sin ln(t+1) ≤ Nt−αsα(t + 1)3(s+ 1)sin ln(s+1)
for all t ≥ s ≥ t0.
From here, for t = exp(2nπ + π2 )− 1 and s = exp(2nπ − π2 )− 1 we obtain a contradiction.
Proposition 4.1. If the evolution operator Φ is u.e.s. then it is u.p.s.
Proof. IfΦ is u.e.s. then by Definition 3.1 it results that there are N ≥ 1 and α > 0 such that
‖Φ(t, t0)x‖ ≤ Ne−α(t−s) ‖x‖ ≤ N(t − s+ 1)−α ‖x‖ ≤ Nt−αsα ‖x‖
for all (t, s, x) ∈ T × X with s ≥ t0 ≥ 1.
Proposition 4.2. If the evolution operator Φ is e.s. then it is p.s.
Proof. IfΦ is e.s. then there exist N ≥ 1 and α > 0 and a function k : R+ → [1,∞) such that
‖Φ(t, s)x‖ ≤ Nk(s)e−αt ‖x‖ ≤ Nk(s)t−α ‖x‖
for all (t, s, x) ∈ T × X with s ≥ t0 ≥ 1.
Example 4.2. An evolution operator which is p.s. which is not e.s.:
We consider on X = R the evolution operator
Φ(t, s) = s+ 1
t + 1x.
We have that
|Φ(t, s)x| = s+ 1
t + 1 |x| ≤ s
s
t
|x|
for all t ≥ s ≥ 1 and all x ∈ X and henceΦ is B.V.p.s., and hence p.s.
If we suppose thatΦ is e.s. then there exist α > 0 and k : R+ → [1,∞) such that
s+ 1
t + 1 ≤ k(s)e
−αt for all t ≥ s.
Then for t →∞we obtain a contradiction.
Example 4.3. An evolution operator which is u.p.s. (and hence B.V.p.s. and p.s.) which is not e.s. (and hence neither B.V.e.s.
nor u.e.s.):
We consider on X = R the evolution operator
Φ(t, s)x = s
2 + 1
t2 + 1x.
Because |Φ(t, s)x| ≤ t−1s |x| for all t ≥ s ≥ 1 and all x ∈ X it results thatΦ is u.p.s.
If we suppose thatΦ(t, s) is e.s. then there exist α > 0 and k : R+ → [1,∞) such that
s2 + 1
t2 + 1 ≤ k(s)e
−αt for all t ≥ s.
Then for t →∞we obtain a contradiction.
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